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ABSTRACT

We study the possible specialness of circulating as opposed to noncirculating
private securities using models whose equilibria imply the existence of
both. The models are pure exchange setups with spatial separation and with
the potential for a variety of intertemporal trades. We find a sense in which
unregulated circulating private securities are troublesome. It can happen
that in order for an equilibrium to exist, the amounts of circulating debts
issued at the same time in spatially and informationally separated markets
have to satisfy restrictions not implied by individual maximization and market
clearing in each market separately.
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One feature of economies that has been remarked upon repeatedly,
mainly in discussions of "money," is the different roles played in transac-
tions by different objects. In particular, it has been noted that some ob-
Jects appear more frequently in exchange than do (most) other objects. In
this paper, we present a model in which this is true for private securities;
some of them circulate (get traded frequently), while others do not. Observed
examples of the kinds of circulating private securities we are trying to model
are bills of exchange and private bank notes.

Our ultimate goal in modeling private securities which play differ-
ent roles in exchange is to address the following questions. How should we
view circulating private securities? Are such securities qualitatively dif-
ferent from other forms of private debt, as might be suggested by a casual
reading of monetary history and by proposals put forth by economists to regu-
late inside money or privately issued near monies? In particular, are such
securities different in a way that Jjustifies regulating their issue, while
adopting laissez-faire toward other forms of private debt? Our approach to
such questions is to build models or physical environments that imply the
existence of private securities which play different roles in exchange and to
determine what else these models or physical environments imply.

The models we study are pure exchange setups with spatial separation
and possibilities for intertemporal trade. For several reasons, these are
obvious models to examine. First, it has often been suggested that monies or
near monies turn up when there 1s an absence-of-double-coincidence of wants;
and absence-of-double-coincidence almost presumes spatial separation, since it
implicitly refers to a situation of separate pairings among persons that have
the property that no pairing can by itself produce a utility improving trade

in ultimate consumption goods. Second, spatial separation is implicit or



explicit in a number of recent attempts to model various aspects of monetary
exchange (see Feldman (1973), Ostroy (1973), Ostroy-Starr (1974), Harris
(1979), and Townsend (1980)). In this literature, distinct, spatially sepa-
rated markets are used as a means of breaking up the complete~markets, general
equilibrium Arrow-Debreu model, which otherwise lacks sequential trading (see
Clower (1967), Hahn (1973)). Our effort differs from this literature pri-
marily in its focus on private credit arrangements.

There are two main findings of this paper. First, and not surpris-
ingly, we find that environments with spatially separated markets can give
rise to the existence of private securities which play different roles in
exchange and, in particular, can give rise to circulating private debt.
Second, and, at least to us, somewhat surprisingly, we find that in some of
the environments which give rise to circulating private debt, there seems to
be a coordination problem with regard +to the quptities of such debts is-
sued. A coordination problem arises in part because different gross amounts
of debt are consistent with the same net trades in goods. The mltiplicity of
equilibrium debt quantities does not present a problem in environments which
imply noncirculating debts only, because in such environments the same set of
agents 1s involved at both the issue date and the redemption date, the only
times noncirculating debts are exchanged. In the case of circulating debt,
however, the multiplicity can present a problem because different people trade
the debts at different dates. Indeed, as we show, it can happen that in order
for an equilibrium to exist, the amounts of circulating debts issued at the
same time in spatially and informationally separated markets have to sabisfy
restrictions not implied by market clearing in each market separately. This

is what we mean by a coordination problem.
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The rest of the paper is organized as follows: in Section 1 we give
an introductory description of the model and of two examples that we will
subsequently study in some detail. In Section 2 we describe a somewhat gener-
al class of environments, formally define a competitive equilibrium for this
class, and state (with the proof given in an appendix) an existence—of-equi—
librium result. In Section 3, we explore the relationship between complete-
markets equilibria and debt equilibria. Then, in Sections %4 and 5, respec-—
tively, we discuss the transactions-pattern implications of the theory and the

coordination problem. We conclude by discussing some open questions.

1. Preliminary Description: Some Example Economies

We study set-ups with a finite number of people, each of whom lives
a finite number of dates. These people meet at prescribed locations at pre-
scribed times.

One example, which we will study closely, is an economy of four
people who meet according to the pattern laid out in Table 1. We will be
devoting mich of our attention to the four-period version of this setup, but
we will briefly mention the one, two, and three period versions of it. Note

that in this example, at date 1 persons 1 and 2 are together at

Table 1l: Who Meets Whom When

Location
Date 1 2
1 (1,2) (3,4)
2 (1,3) (2,k4)
3 (1,2) (3,4)

L (1,3) (2,4)
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location 1, while persons 3 and U4 are together at location 2. Persons 1 and L
always stay at those locations, while persons 2 and 3 switch locations each
period. Thus, for example, in the four-person, two-period econony, the econ-
omy ends after the indicated date 2 meetings, between persons 1 and 3 at
location 1 and between persons 2 and 4 at location 2.

A second example we consider is an economy with three people who
meet according to the pattern laid out in Table 2.

Table 2: Who Meets Whom When

Location

Date 1 2
1 (1) (2,3)
2 (3) (1,2)
3 (2) (1,3)
L (1) (2,3)
5 (3) (1,2)

As regards commodities or consumption goods, we assume there is one
commodity for each location-date combination. Equivalently, we assume that
there is one good which is indexed by location and date. The set-up is pure
exchange in the usual sense; goods indexed by one location-date combination
cannot be transformed into goods indexed by another location-date combination;
that 1is, there is no transportation, production, or storage technology for
goods. Letting J denote the number of locations and T the number of dates,
the commodity space has dimension JT. We assume that each person gets utility
from commodities and has positive endowments of commodities in a proper subset
whose elements correspond to the location-date combinations that the person
visits. 1In Figures 1 and 2 we indicate by x's the subspace of the 2T commod-
ity space that is relevant in the above sense for each of the persons in our

four-person, T-period and three-person, T-period economies.



(Insert Figures 1 and 2)

As regards private securities, we let the spatial separation limit
trades in securities in what we hope is a somewhat natural w&&. First, at a
particular time, a person can only trade securities with someone he or she
meets. Second, although securities can be transported, they can move only
with a person. Finally, we do not allow people to renege on their debts.
Securities or debts in our model take the form of promises to pay stated
amounts of date and location specific goods. We assume that if the promise is
presented at the relevant date and location, then it is honored.

In order to suggest how these rules and our spatial separation work,
we briefly describe some of their implications for the four-person example of

Table 1.
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If T=2--that 1is, if the economy lasts only two periods—--then no
trade is possible in the Table 1 economy under our security trading rules.
For example, person 1 cannot sell a éromise to person 2 because person 2 can
neither redeem it at date 2, nor pass it on to person 4, who has no use for it
at date 2, the assumed last date. Note in this'connection that there is a
complete absence-of-double-coincidence in the Table 1 T=2 example; as shown in
Figure 1, for T=2 no pair of persons has endowments and cares about a common
two dimensional subspace of the commodity space. From what we have just seen,
the kinds of private securities we allow do not at all overcome this particu-
lar absence-of-double-coincidence. Note, by the way, that there is potential-
ly something to overcome in the sense that there can exist redistributions of
the endowments that give rise to:allocationsrPareto—superior to the endowment
allocation. Put differently, if all four people were together at some time
"zero" and traded in complete (location and date contingent) markets, some—
thing we rule out, then the endowment would not necessarily be a competitive
equilibrium.

If T=3 in the Table 1 set-up, our rules are consistent with some
trade in private securities. It is easy to see, however, that only the fol-
lowing kinds of securities get traded: persons who meet at date 1 can trade
debts due at date 3 when they meet again. TFor example, person 1 can issue a
promise to pay location 1, date 3 good, a promise that person 2 holds until he
or she again meets person l. Thus, such securities do not circulate; they do
not get traded in a secondary market and are not used to make third~party
payments. Corresponding to this noncirculating characteristic is the fact that
such securities do no more than accomplish trades for which there is a double-
coincidence. For example, as is clear from Figure 1, persons 1 and 2 have a

double-coincidence between location 1, date 1 good and location 1, date 3
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goods Note also that there remains a degree of market incompleteness in the
T=3 economy. In particular, the two date 2 goods cannot be traded.

If T =4 in the Table 1 econony,.then our security trading rules are
consistent not only with the existence of several noncirculating securities,
but also with the existence of several circulating securities. At date 1,
person 1 can issue to person 2 a promise to pay location 1, date 4 good. This
promise can be redeemed by being passed from person 2 to person U4 at date 2,
from person 4 to person 3 at date 3, and from person 3 to person 1, the is-
suer, at date 4. Similarly, each of persons 2, 3, and It can issue at date 1 a
promise of date 4 good at some location. As we will see below, except for
very special cases, in this economy circulating and noncirculating debt are
both necessary and sufficient for the accomplishment of all the trades achiev-
able via complete location and date contingent markets. But this is also an
economy in which a coordination problem seems to arise. As we will show in
Section 5, knowledge of equilibrium prices, even present and future prices, is
not enough to determine date 1 debt quantities in each market consistent with

equilibrium.

2. Debt Fquilibria in the General Spatial-Separation Set-Up

In this section, we describe the general class of economies under
consideration. We then define a competitive debt equilibrium and prove the
existence of such equilibria for the general class of econonmies.

We assume an economy with G persons, each of whom lives T periods.
At each time t, each person g can be paired with some other person or with no
one. These pairings occur at (isolated) locations. Thus, we assume that
person g 1is assigned to some location i at each time %, and that in that

location there either is or is not a single trading partner. We let there be

J > G/2 locations.
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If person g is in location i at time t, then he is endowed with some
positive number of units, W?t, of the location i, date t consumption good.
For other location-date combinations, his endowment is zero. Let w® denote
the entire JT dimensional endowment vector for person g. Also let cft denote
the nonnegative number of units of location i-date t consumption of person g
and let & denote the entire JT dimensional consumption vector for person g.
Preferences of each person g are described by a utility function U8(c8) which
is continuous, concave, and strictly increasing in the T-dimensional subspace
that is relevant for g.

We restrict attention to securities that can be redeemed. Thus,
if dzt, which is nonnegative, denotes securities issued by person f at time s
to pay dgt units of the consumption good where f will be at time t, we con-
sider only triplets (f,s,t) with the property that there is a path or chain of
pairings leading from where f is at s to where f is at te.

We let pgt(i,u) be the price per unit of dit at location i, date u
in units of good (i,u). However, we define such a price only for pairs (i,u)

that potentially admit of a nontrivial trade in d: (This allows us to avoid

't.
having to determine a price for dgt in a market where demand and supply are
identically zero and also allows us to vrestrict attention to positive
prices.) Thus, suppose h and g meet at (i,u). We say that h is a potential

demander of dZt at (i,u) if there is a route from h at u to f at t. We say

iy

that h is a potential supplier of dst

at (i,u) if there is route from f at s

f
st

to h at ue We say there is a market in d at (i,u) if and only if h is a

potential demander and g is a potential supplier at (i,u), or vice versa.

f

We let dg%(i,u) be the excess demand by g at (i,u) for d_ -

In

terms of this notation, our debt trading rules are
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t
£f
zu=sdst( ,u) » O for each f

(1)

zu=sd§f(°,u) 2 O for each t' » s and g# f

where, in each case, the locations range over those that the demander vis-
its. The first inequality says that f mst end up demanding as much as f
issues, which expresses our no-reneging rule. The second says that g# T
cannot supply d:t without having previously acquired it. Finally, as a con-
vention, if there is not a market in dgt at (i,u), we set di%(i,u) = 0.

Then, as budget constraints for any person g, we may write

g fg, . £ ;.
(2) w?u 2 Ciu * Z dst(l’u)Pst(l’u)

there being T such constraints, one for each (i,u) that g visits. The summa—
tion in (2) is over all securites, all (f,s,t), for which a market exists at
(i,u).

Now, letting 38 denote the vector of debt demands of g over all
securities that can be issued, a vector which has many zeros, we can now give
the following definition of a debt equilibrium or of a competitive, perfect-

foresight equilibrium under our security trading rules.

Definition: A" debt equilibrium is a specification of consumption and debt
demands-—-c& and d& for each g = 1, 2,..., G--and positive security prices,

pgt(i,u), such that

(i) c® and 38 maximize UB(c8) subject to (1) and (2)
. g g _ . fg, . _ .
(ii) zg(ciu;wiu) = 0 for each (i,u) and ngst(l,u) = 0 for each (i,u) and

all potentially redeemable d§t°
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In Appendix 1, we prove that every economy in our class of spatial-
separation set-ups has a debt equilibrium. The proof draws heavily on Debreu
(1959), although with modifications connected with the fact that the objects
traded, the securities, are not ultimate consumption goods and are not bounded
in an obvious way. By the way, although it may seem strange to be considering
competitive (price-taking) equilibrium in markets with only +two traders,
everything we do also holds for set-ups in which each of our persons is a

trader type and in which there are N traders of each type.

3« Debt Equilibria and Complete-Markets Equilibria

In this section we study the relationship between the equilibrium
allocations and prices of complete date-location contingent markets and the
allocations and prices of debt equilibria. This exercise permits us to exam~
ine whether the restrictions on trades implied by separate markets in differ-

ent locations are insurmountable. In addition, the equivalence in some econ-—

omies of debt equilibria and complete-markets equilibria proves useful in
describing the positive implications of the theory and in revealing what we
see as a coordination problem.

We first study the Table 1, T=4 economy introduced in section 1.
For that economy, debt equilibria (DE's) and complete-markets equilibria
(CME's) coincide in the sense that any consumption allocation which is a DE is
also a CME and vice versa. We begin by showing that any CME consumption
allocation can be supported by a DE.

To show that any CME can be supported by a DE in the Table 1, T = 4

econony, we start with a given CME. This we describe by individual consump-

g _
Cit

of an abstract unit of account). These constitute a CME if they satisfy:

tion excess demands, e =

it w%t, and by associated prices, Si¢ (in terms
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g =
(3) Zizteitsit = 0 for each g
g _ R
(L) Egeit = 0 for each (i,t)

and if, in addition, for each g, the e%t's are utility maximizing for g sub-
ject to (3).

A corresponding DE consists of positive debt prices and nonnegative
market clearing debt quantities such that (a) the debt quantities and the
given CME e?t's satisfy each person's debt budget constraints, and (b) the
debt quantities and the given CME e?t's are utility maximizing for each person
given those debt prices.

Our first step is to produce candidate debt prices for the Table 1,
T=4 economy. This candidate is produced by matching the terms of trade bet-
ween consumption goods implied by unconstrained trades in debts to the corre-
sponding terms of trade given by the CME prices. Thus, for example, for
person 1, pih(l,l) implies a trade between location 1, date 1 good and loca-
tion 1, date L4 good. (Recall that given our way of measuring debt quanti-
ties, pih(l,h) = 1l.) Thus, we let pih(l,l) ='slh/sll. In general, then, each
debt price is taken to be a ratio of CME prices with the numerator correspond~-
ing to the redemﬁtion location-date and the denominator to the location-date

of the current trade. PFor noncirculating debts, then, our candidate is
1 1 2
(535(1,0), 9)5(2,1), 53,(1,2), ) (2,2))) =

(313/511’ Sp3/8p1 0 81),/5155 Spy/55,)

while for circulating debts, it is
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rpih(l’l)’ 7y, (2,2), Pih(2’3)_ —slh/sll’ 813, /555 slh/323“

P, (110, 25,(1,2), B,(2,3) | | ey /ey 5y, /5, So /303
(6) -

Pih(Q,l), Pih(Q,Q), P]3_h(l,3) Slh/szl’ Slh/sez’ Slh/sl3

Pih(E,l), Pih(l,2), Pth(1,3) So), /Sy s S5, /5105 S2h/513

We can immediately indicate that this implies that satisfaction of
(a) implies satisfaction of (b). To see this, multiply the debt constraint
for e?t (equation (2)) by s;¢ and sum over i and t. Using (5) and (6), the
result is (3), in which debt quantities do not appear. Thus, at prices given
by (5) and (6), the debt constraints for any person are at least as constrain-
ing as (3). Therefore, if we can produce market clearing debt quanti-

's, which make the CME e8

ties, df it's feasible choices subject to the budget

st
constraints (2), then they are certainly utility maximizing choices. That is,
(a) implies (Db).

To motivate how we produce debt quantities, recall that a CME con-

sists of arbitrary s;i's and of arbitrary eft's that satisfy (3), (4) and zero

restrictions for those e?t's that correspond to (i,t)'s that g does not vis-
it.s For the Table 1, T=L4 economy, there are 3 + 8 + 16 indegendeﬁt con-—

g
it

g

Se This leaves us free to choose 5 eit's arbitrarily,

straints on the 32 e
but not any 5. For example, e%l and eil cannot both be chosen arbitrarily
because (L) and the zero restrictions imply that these sum to zero. Similar-
1y, eil, e}a, ei3, e%h cannot each be chosen arbitrarily since (3) must be
satisfied. We arrive at candidates for equilibrium debt quantities by finding
some that satisfy the debt constraints for a set of e?t‘s that can be chosen

arbitrarily.
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For the Table 1, T=4 economy, the following equations are the debt

budget constraints, at prices satisfying (5) and (6), for 5 5 's that can be

it
chosen arbitrarily:
k L 1 1 1,
(7) (e51s epps €775 €7ps ©73) = Ad
where
Ap| | sa3/spr O 0 0 0 0 -sy)/sp1 spy/spy
Az O spy/spp O 0 -sifspe O sp/syy O
A, 0 0 0 su/spp 0 spyfsip 0 -spu/spp
AS 0 0 -1 0] 0 0 -Sl)_l_/slS 82)4/813
and - -

a3 h 2 1 .2 1 .3 1 2 3

h '
(d13 13> doydpys d37dy3s dp=dpys dgys 4y, A3y, dpy)

Note that zeros in the A matrix do not denote zero debt prices, but rather
that the particular debt cannot be traded at the relevant location-date combi-
nation.

In order to see that there are nonnegative debt quantities that
satisfy (7) for arbitrary s;¢'s and an arbitrary left-hand side (LHS) of (7),
it is helpful to consider an equivalent set of equations, which is obtained by
replacing the last equation of (7) by itself plus a multiple (811/813) of the

third equation:

_ . - - _
€01 Ay
4
Cop Ay
1 —
(8) el = Aq a
1
612 Ah
el +(s, /s, )er A+(s. /s, _)A
Ll3 ll 13 ll _5 11' 713 3_J
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Note that in each of the first four equations of (8), there appears (with a
non-zero coefficient) a difference between (noncirculating) debts, debts which
do not appear in any other equation. Thus, for any quantities of the other
debts, each of the first four equations can be satisfied by choosing nonnega—
tive quantities of the noncirculating debts whieh appear in that equation
only. This allows us to choose nonnegative quantities of the circulating

debts in any way that satisfies the last equation of (8), namely
1 1 _ 1 3 2 b
(9) 13 * (syy/sy3)eqy = (sqy/813)(aq)-a3)) = (55, /5130 (d)~dy))

Equation (9) is easily satisfied. For example, if the LHS is positive (nega-
tive), it can be satisfied by setting at zero all but dih (dih)'

Given debt quantities that satisfy (8), all that remains is to show
that they, (5) and (6), and the 11 other potentially nonzero CME e?t's satisfy
the associated debt budget constraints. Two facts imply that they do. First,
if for any g, three debt budget constraints are satisfied at equality (as they
are for person 1), then the fourth is also; note that we have already referred
to the fact that (5) and (6) imply that the debt budget constraints satisfy

(3). Second, we know that if g and h meet at (i,t), then the debt budget

€ is minus that for e? . Thus, 1f debt prices and quanti~

constraint for eit it

ties are such that the debt budget constraint for g implies the CME e? then

£
the debt budget constraint for h implies minus the CME eft. But by (&), this
is the CME value of e?t. This concludes our argument that any CME for the
Table 1, T=hk economy can be supported by a DE.

The converse, that any DE consumption excess demands are also CME
excess demands in the Table 1, T=4 economy is established in Appendix 2.

We leave to the reader the arguments establishing the equivalence

between complete-markets equilibria and debt equilibria for the three person,
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T=5 economy (see Table 2 and Figures 2 and 4). For future reference we do,
however, want to describe the analogues of (7)-(9).

Note first that we can completély ignore location 1 goods in the
three person economy. They do not get traded either in a debt equilibrium or
in a complete-markets equilibrium. That being so, we simplify the notation by
omitting location subscripts, it being understood that everything refers to
location 2.

Given a CME for the three-person, T=5 economy, we can choose arbi-

2 2

trarily el, e2, and eﬁ. Then, at debt prices that satisfy the analogues of

(5) and (6), the corresponding debt constraints are

2 2 2y, _
(10) (el, €5 eh) = Bd
where
B s)/sq 0 —s3/sl 35/81 0 0 )
B = B2 = 0 55/82 83/32 0 S)_l_/SQ 0
By -1 0 0 0 -1 —s5/sh
and
_ 2 3 2 1 3 2 2 iy,
d = (dlh'dlh’ dzs'dzs’ dy3s d15’ doye d35)

Note that the first two elements of d involve noncirculating debts, while the
other four elements are circulating debts with mturities of three or four

peripds. Equation (10) is equivalent to

e

(11) e

AV IR AV )

ei+(sl/sh)ei B3+(81/Sh)Bl
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the third equation of which is

(12) ey + (s1/5))e] = ~(s5/8))a7; + (sg/s,) (af-a%,) - &,

Note that the first (second) element of d which is unconstrained in sign
appears only in the first (second) equation of (11). Thus, for any choices of
the last four elements of d, the first two equations of (11) can always be
satisfied. It is obvious that the third equation of (11), namely (12), can be
satisfied by nonnegative choices of the debts that appear in that equation.

We now want to reemphasize that DE's and CME's do not in general
coincide. We shall do this by examining shorter horizon versions of the four-
person and three-person economies. Since the remarks made in the introductory
section take care of the four-person econonmy, we shall limit attention to the
three person economy, starting with T=3.

In a debt equilibrium for the three-person, T=3 economy, person 2
can lend at date 1 but cannot borrow. ©Since a CME for that economy can have
ei > 0, we have nonequivalence. Even for the three-person, T=4 economy there
can be nonequivalence. In a debt equilibrium for that economy, negative
values of eg, which are possible in a CME, cannot be attained. In order
that eg < 0, person 2 must buy a security from person 1 at date 2. But person
1 cannot issue anything that can be redeemed at date 3 or date b and} having
been alone at date 1, has not previously acquired anything to sell.

By now the reader may have gained the impression that debt equilib-
ria and complete-markets equilibria necessarily coincide for sufficient long-

lived economies. This may well be true if pairings are sufficiently period-

ice Without such a pattern, however, equivalence is not general.
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k. Debt Equilibrium Transaction Patterns

We' first show that some of the environments imply, rather than Just
permit, the existence of several private securities which play different roles
in exchange. We then describe two ways of summarizing these different roles.

The coexistence of circulating and noncirculating private debts can
be demonstrated using the equivalence results of section 3. That is, for some
set-ups for which DE's and CME's coincide, we now show that some CME's can be
supported only by DE's with both circulating and noncirculating securities.

We first demonstrate coexistence in the Table 1, T=h set-up. From
(9), if e13+(sll/sl3)eil # 0, then some circulating debt, d?h for some h, mst
be positive. Notice also that by multiplying the 5th equation of (T) by

s13/82 /sy )e 13

that contains only noncirculating debts. Thus, if a Table 1, T=h set-up is

and adding it to the 1lst, we get an equation for eh +(s

+(s # 0 and eh +(s £ 0,

. . 1
such that any CME satisfies el ll/313) 11

/s.. et
13 137117713
then every DE for that set-up displays positive amounts of both circulating
and noncirculating debts.

Now consider the Table 2, T=5 economy. By (12), if e§+(sl/sh)e§ #
0, then some circulating debt must be positive. And, thus, by the second
equation of (10), if eg < 0, then some noncirculating debt must be positive.
Thus, if a CME satisfies both these conditions, then any DE displays positive
amounts of both circulating and noncirculating debt.

In order that we not give the impression that different kinds of
securities are issued only when DE's and CME's coincide, we present, by way of
Tables 3 and 4, an example which displays such coexistence, but in which DE's
and CME's do not coincide.

Table 3, which helps introduce the set-up for the example, describes

a pattern of meetings in a six-person, T=5 economy. This set-up is equivalent
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to two separate three-person, T=5 set-ups of the kind already studied. Thus,
DE's and CME's coincide and under the conditions given above any DE displays

positive amounts of both circulating and noncirculating debts.

Table 3: Who Meets Whom When

Location
Date 1 2 3 1! ot
1 (1) (2,3) (1) (2',3")
2 (3) (1,2) (3") (11,2')
3 (2) (1,3) (27) (1',3")
L (1) (2,3) (1) (2',3")
5 (3) (1,2) (3") (1,2")

Table 4, which is the set-up for the example, describes a pattern of
meetings in another six-person, T=5 economy. This economy is meant to be
identical to the Table 3 economy except for some additional pairings at loca-
tion 3 and the necessary accompanying changes in endowments and preferences by
location. These pairings, however, are such that the DE's for the Tables 3
and 4 economies coincide. In the Table 4 economy, persons 1 and 1' do not
trade when they meet because no debt issued can be redeemed. Nor of course do
persons 3 and 3' trade when they meet. But in contrast to the Table 3 econ-
omy, DE's and CME's do not in general coincide in the Table & set-up. 1In a
CME for the Table 4 economy, "primes" and "unprimes" can trade with each

other.
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Table 4: Who Meets Whom When

Location

Date 1 2 3 1 o1
1 (1) (2,3) (1) (2',3')
2 (3) (1,2) (3") (17,21)
3 (3,1) (2,2') (3',1")
L (1) (2,3) (1v) (21,3")
5 (1,2) (3,3") (1v,21)

We now describe two ways of summarizing the different exchange roles
Played by the different objects in debt equilibria in our set-ups. One way is
in terms of a payments matrix (see Clower (1967)); the other is in terms of
transaction velocities.

By a payments matrix we mean an N by N (symmetric) matrix, N being
the number of objects we observe in a debt equilibrium; the (i,j)-th element
of the matrix is "1" if object i is observed to trade for object j and is "O"
otherwise. Thus, for example, for a Table 1, T=l economy, N equals the number
of distinct consumption goods, 8, plus the number of distinet private securi-
ties issued in an equilibrium. If the transaction pattern is such that each
consumption good gets traded for one circulating security and one noncirculat-
ing security, then there are two nonzero elements in each row corresponding to
a consumption good or to a noncirculating debt, and there are four in each row
corresponding to a circulating debt. Note, by the way, that none of our
nontrivial spatial set-ups gives rise to an equilibrium in which one object
trades for every other object.

By the transaction velocity of an object, we mean the ratio of the

average amount traded per date to the average stock, a pure number per unit
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time. For example, for a Tabié 1, T=4 economy, the following transaction
velocity pattern among objects shows up in a debt equilibrium. For location
i, date t consumption good, the average stock outstanding may be taken to be
the total endowment divided by 4 (at dates other than t, the stock of this
good is zero), while the average amount traded per date is the amount traded
at t divided by UL. Thus, the transaction velocity is in the interval (O,
1). Computed in a similar way, the transaction velocity of noncirculating
debt in such an economy is 2/3 (such debt is outstanding for 3 dates and the
entire stock is traded at two of those dates), while that of circulating debt
is unity (the mxi@m possible velocity given our choice of time unit).

Thus, either in terms of a paymen;cs matrix or in terms of the pat-
tern of transaction velocities across objects, our set-ups can imply different
exchange roles for different objects and, in particular, a relatively promi-
nent exchange role for circulating private debt. Those set-ups do not, how-
ever, imply anything paradoxical or special about rate-of-return patterns
across kinds of private debts. In particular, we do not find, in general,
that circulating debt has a lower rate-of-return than other debt. This is
easy to see in examples in which DE's and CME's coincide, for then one can
express DE security prices and, hence, rates of return in terms of CME‘prices

using relationships like (5) and (6).

5+ Multiple Debt Equilibria and Coordination

As we now show, our spatial models can give rise to miltiple debt
equilibria and, in particular, to one kind of multiplicity which we see as a
potential coordination problem. We will focus for the most part on the Table
1, T=b4 economy, for which, as we showed in section 3, there is an equivalence

between debt equilibria and couplete~-markets equilibria.
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For an economy in which there is an equivalence between debt equi-
libria and complete-markets equilibria, there are of course at least as many
debt equilibria as there are complete-markets equilibria. But that multiplic-
ity of debt equilibria does not concern us here. Therefore, we assume that
preferences and endowments are such that there is a unique complete-markets
equilibrium, unique in consumptions and prices. Thus, for the Table 1, T=h
econony, we now assume that the set of excess demands and prices for the left-
hand sides of equations (7)-(9) is unique. BEven so, there are an infinite
number of security trades which satisfy the right-hand sides of equations (7)-
(9) and, thus, constitute debt equilibria. That is, at debt egquilibrium
prices which satisfy (5) and (6), there are multiple debt gquantities which are
maximizing for each person. Thus, there are many ways to select debt quanti-~
ties for individuals in such a way that markets clear. Some aspects of this
multiplicity concern us, and others do not. Our major concern is that the
selection of debt quantities for individuals can require a kind of coordina-
tion or communication across markets which our security trading rules were
meant to rule out a priori.

One way to express this coordination problem consistent with our use
of a perfect foresight equilibrium concept is as follows. Let each person
know the endowments and preferences of each other person. Then, in principle,
each can compute equilibrium consumption excess demands and debt prices. Such
knowledge of prices is consistent, however, with people in location 1 not
knowing the debt quantities issued in location 2 and vice versa. To see why

such knowledge is required, notice that we can write (9) in the form

1 2
(13) dlh = (Szh/slh)dlh + b

where
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— 1 - 1 3 h
(14) b= sy3/sp)leqy + (syy /5506, ] + ) = (sy,/sp))d)),

1
14

be determined without knowledge of at least the function of dih and dth that

Since dih and dih appear in (14), a pair (4 dih) that satisfies (13) cannot
appears in (14). But nothing guides persons 3 and L in location 2 at t=1 to a
pair dih and dih that gives rise to a unique value of b in (14). Indeed, any
nonnegative pair (dih, dgh) is consistent with a given net trade in consump-
tion at t = 1 (see the first equation of (8)). Thus, if persons 1 and 2
cannot observe dih and dih, and persons 3 and 4 cannot observe dih and dih’ it
is hard to see how quantities that satisfy (8) can be achieved.

The coordination problem does not arise in set-ups with noncirculat-
ing debts only. In that case, the same persons are involved at both the issue
date and the redemption date, so coordination between them does not seem very
demanding. Formally, there are multiplicities in such set-ups in the sense
that only differences in security trades appear in the vector of equilibrium
quantities as in equation (7). But such multiplicities in effect have one
person borrowing and lending from another at the same interest rate and seem
to us to be an artifact of our formalism. Nor does the coordination problem
arise in some set-ups with circulating debt, such as the three-person, T=5
economye. As is evident from equation (12), there are multiple combinations of
circulating debt which would constitute a debt equilibrium. But the communi-
cation which might be required to support a particular specification does not
seem inconsistent with distinect, spatial markets. That is, persons 2 and 3
3 and d2 at date l. Person 2 could then communicate these

13 1

quantities to person 1 at date 2 before dgh is determined, and person 1 could,

might decide on 4

in turn, communicate that quantity to person 3 at date 3 before dgs is deter-
mined. Of course, in the three-person, T=5 econony there is never simultane-
ous issue of debt in distinct, spatial markets, as there is potentially in the

Table 1, T=4 economy.
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With its multiplicity “of individual maximizing debt quantities and
its equilibrium restriction on quantities in different markets, the Table 1,
T=h economy bears some resemblance to comélete—markets models in which indi-
vidual quantities are not unique, but market aggregates are. Examples are
models with several assets that are perfect substitutes for individuals in
equilibrium and models with increasing returns or indivisibilities. However,
we think the coordination problem is different from the nonuniqueness of
individual quantities in these complete-markets models. The absence of CORMUI~
nication across markets and, hence, across subsets of the individuals, is
intended to be a crucial feature of our set-ups; it plays no role in the com-

Plete-markets models.

6. Concluding Remarks

As promised, we have described a class of environments whic@ in
general gives rise to several private securities, some of which play a more
prominent role in exchange than others. We have also demonstrated that in
some of these environments, there is a potential problem with a laissez-faire
competitive equilibrium, namely, the coordination problem described in the
last section. We are, however, uncertain about whether to interpret this as a
problem for actual economies or as a symptom of a defect of our assumptions.

It is tempting to take the model that gives rise to the coordination
problem as an explanation of why unfettered private credit markets in actual
economies can at times seem to be chaotic. Although the view that private
credit markets have at times been chaotic is widely held--see, for example,
Friedman's comments about private bank note issue and unfettered intermedia-
tion (1960, pages 21 and 108)--there are few, if any, successful models that
describe what features of economies account for such conditions. (For two

recent attempts, see Bryant (1981) and Diamond and Dybvig (1982).) Before
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taking the model that seriously,%however, further study of it and variants of
it is warranted. After all, one interpretation of the coordination problem is
that we have no prediction about what would occur in a Table 1, T=4 economy.
One possible way to get such predictions is to maintain our secu-
rity-trading rules while abandoning competitive behavior in favor of a Shubik-
type (1973) game in which agents choose quantities taking other agents' quan-
tity choices as given (known). Of course, we would want to impose the infor-
mational constraint that agents in one market do not know the quantities
chosen by agents at the same time in other spatially separated markets.
Another way, perhaps, is to abandon security-trading rules and to work di-
rectly with limited communication and incentive compatibility. One wvirtue of
these approaches is that they make explicit use of the limited commnication

assumption. Our debt-equilibrium concept does not.



Appendix 1: Proof of Existence of Debt Equilibrium

We Tfirst prove existence with imposed arbitrary bounds on debt
demands. We then argue by taking the appropriate limit that there exists some
equilibrium.

Let C be the space of JT-tuples, each element of which is in [0, w],
where w > w;, for all (i,u) and where ws, 1s the social endowment of good
(i,u)s Also let D be the space of n-tuples, each element of which is 1in
[—d,d], where d > 0 and where n is the number of elements in d8. WNote that d
is the arbitrary bound on debt demands. Let Pgt be the n' dimensional simplex
for dzt where n' is the number of location-date combinations where there is a
market for d:t and let P be the product space of the Pgt's, a finite product
of finite dimensional simplexes. Finally, for each p € P, let y8(p,w8) =
{(c8,d8) € CxD that satisfy constraints (1) and (2)}. We are now in a posi-
tion to follow Debreu's (1959) proof of the existence of a standard compe-~
titive equilibrium.

Since CxD restricted by (1) is compact and convex, it follows from
(1) of 4.8 of Debreu (page 63), modified for vector constraints, that y8(p,wS)
is a continuous correspondence in p. The key to this assertion is that the
RHS of (2) takes on the value zero at zero consumption and debt demands.
Since zero is strictly less than W?u’ the exceptional case of minimum wealth
does not occur.

Now, since the bounded competitive maximization problem of g in-
volves maximizing a continuous function on a compact set, there exists a
nonempty maximizing correspondence of security demands denoted ¢2(p). By
theorem L of section 1.8 of Debreu (page 19), ¢$&(p) is upper semicontinuous.
It is also convex. Now let &(p) = Zg¢g(p). Clearly, &(p) is in the space of

n-tuples, each element of which is in the interval [-Gd,Gd]. We denote this

compact, convex set by Z.
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Now consider the correspondence p from PxZ into itself defined by
p(p,z) = u(z)x0(p), where u(z) = {p ¢ P which maximize pez for z € Z}. Fol-
lowing Debreu (page 82), u(z) is an upper semicontinuous correspondence from %
to P with u(z) nonempty and convex. It follows that p(p,z) is a nonempty,
upper semicontinuous and convex correspondence on PxZ, which is a nonerpty ,
compact and convex set. So p has a fixed point; namely, (p¥*,z*) such that p*
e u(z*) and z¥ & o (p*).

We now establish that ¢(p*) = 0. Consider the subvector of &(p*)

h

associated with a particular debt, dst'

If this subvector is not zero, then
some element must be positive because constraint (1) does not permit the sum
of these elements to be negative. So suppose some elements of the subvector
are positive. The correspondence i sets debt prices at positive levels for at
least one of these positive elements and for no nonpositive element. This, in
turn, implies that more of dgt is being demanded at positive prices over all
location-dates than is being supplied at positive prices. This contradicts
individual maximization for someone and, hence, implies that the subvector of
®(p*) associated with d:t is zero. It follows that ¢(p*. = 0. Moreover, a
similar argument implies that no component of p* can be zero.

We can now show that the consumptions implied by z* and p* satisfy
market clearing for each (i,u). For each 8, individual maximization implies
that (2) holds with equality. So suppose we sum (2) at a given (i,u) over
g+ Then market clearing in consumptions follows from &(p*) = 0.

We have thus established the existence of a debt equilibrium with
arbitrary Iimposed debt bounds d. Doubling these bounds, existence can again
be established. Continuing in this way, one can construct a sequence of debt

equilibria for economies with larger and larger debt bounds. As the asso-

ciated sequence of debt equilibrium prices and consumptions has elements in
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the same compact space, there exists a convergent subsequence, say with limit
prices and consumptions, p and Eg, respectively.

Now consider the problem confronting a typical person g in the limit
econony , at prices D and no imposed debt bounds whatever. The space of feasi-
ble consumptions for such a person (the budget set at prices P projected onto
the space of consumptions) is compact, and the objective function is continu-
ous, so there exists a solution, some maximizing choice of consumptions gg.
Also, by construction, && is feasible in the limit economy. Suppose
Ug(;g) > Ug(Eg). Then for some kth econony associated with the convergent
subsequence, with debt bounds sufficiently large and prices sufficiently close
to P, one can find a feasible consumption vector with utility arbitrarily
close to Ug(gg). But along the convergent subsequence, utility must converge
to US(38). We have thus contradicted maximization for person g in the kU2
econony . Thus Ug(gg) = U(c®), and @& solves the maximization problem of
person g in the limit economy. Recall that person g was arbitrary.

We have thus established that consumptions G& are all maximizing in
the limit economy. Also, by construction, the 38 satisfy market clearing in
the limit economy (this was a property of each economy in the convergent
subsequence, by virtue of equilibrium). It only remains then to specify
market-clearing debt demands for each person g in the budget set of person g
and consistent with the choice of &8. This is done as follows. First, spec-
ify person 1l's debt demands in his budget set consistent with gl. For market
clearing, let these determine the debt demands of each person with whom person
1 trades, at specified dates and locations. Next, consider person 2. Ifr
there are no debt demands for him which remain to be determined, then we are

done. To suppose otherwise is to contradict the fact that 3% and @2 are

market, clearing and the fact that person 1's debt demands are in the budget
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set of person l. If there do remain any debts to be determined, choose these
consistent with '62. Continue in this way for person 3, and so on through
person G. In the end, then, we have constructed an equilibrium in the 1limit
economy, with no bounds on debts. Recall also that the (fixed) bounds on

consumptions need not be imposed in the limit economy, by the choicé of the

bound we.



Appendix 2: Any DE is a CME in the Table 1, T=4 Economy

Here we prove for the Table 1, T=hk economy that a:y DE consumption
excess demands are also CME consumption excess demands.

Since the DE eft's are market clearing--that is, satisfy (L)-—we
have to show only that the debt budget constraints are equivalent to (3) for
some choice of sit’s; if we can establish that equivalence, then it follows
that the DE e?t's are utility maximizing subject to (3).

The debt budget constraints for person 1 in the Table 1, T=b economy

can be written

21(

_ Ll1 1
e ., = —d13(1,1)p13(l,1) - d13

l,l)p§3(l,l) - a73(1,1)p7, (1,1)
- & (1,192, (1,1)
el, = —d;i(l,2)p%h(l,2) - dgi(l,Q)pgh(l,2) - dih(l,Z)pih(l,Q)
- a2, (1,2)
e13 = =d73(1,3) - a23(1,3) - a3}(1,3003,(1,3) - atf(1,30p7,(1,3)
e = ~d3p (1,B) = &Sh(1,h) - at(@,b) - i (1,4)

Let us add and subtract dié(l,l)piB(l,l) on the RHS of the first
. 11 21

equation, so that the sum —[d31(l,l) + dl3(l,1)] appears. Note that the sum
[di%(1,3) + d§§(1,3)] appears in the third equation and that these sums are
equal to each other because at any debt prices, debt demands satisfy
11 _ 11 21 _ 21
d13(1,l) = —dl3(l,3) and dlB(l’l) = - 13(1,3). Moreover, the sum
[di;(l,l) + di;(l,l)] is unconstrained (as to sign). These facts imply that
the first and third equations are no more constraining than the single equa-
tion that results from substituting for that sum from the 3rd equation into

the first to produce
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el
11

(42.1) + pyg(Lal)ely = af3(1,1)[p1,(1,0) = 2,(1,1)] - ah(1,1)5%, (1,1)

iy (1,025, (1,1) - 11,3003, (1,3)p1,(1,1)

L1 4 L 1
dlh(l,3)plh(l,3)Plh(l,3)Pl3(l,l)

An exactly analogous procedure allows us to combine the second and fourth
equations into the following single equation which is no less constraining

than those separate equations,
1 1 1 _ 31;1 3 21 2
(42.2) 1, + by (1,2)ep), = a5y p5), (1,2)-p35, (1,2)] = a5(1,2)p5) (1,2)
L1 b 1 11 31
- dl)-l (1,2)Pl)+(1,2) - Peh(l=2) [dl)-l- (lp}"')'*'dlh(lah)]

Now consider the first term on the RHS of (42.1). If the price
difference that multiplies dfé(l,l) is positive, then di; (1,1) is infinite.
Since that cannot be an equilibrium choice, it follows that the DE prices
satisfy pi3(l,l) p§3(l,l); that is arbitrage is not possible for person 1 in
the debts di3 and d§3. And since an analogous manipulation of the debt budget

constraint for person 2 implies the reverse inequality, it follows that DE

D2
4.13

allows us to conclude that the DE prices satisfy the entire first equality of

prices satisfy p%3(1,1) = (1,1) 1In addition, exactly the same reasoning
equation (5).

We now proceed to combine (A2.1) and (A2.2) into a single constraint
that is no less constraining than both (A2.1) and (A2.2). First, add and
subtract dii(1,3)pih(1,1) on the RHS of (A2.1) so that the sum
dii(l,l) + dii(l,3) appears in (A2.1). This sum of demands is equal at any
debt prices to —[dii(l,h) + dii(l,h)], which appears in (A2.2). Moreover,
this sum is unconstrained, implying that the equation which results fron

eliminating it between (A2.1) and (A2.2) is no less constraining than both
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(A2.1) and (A2.2). This single equation, which we will not write out, has the
following form: a linear combination of person 1's excess demands for con-
sumption is equal to a linear combination of person l's debt demands.

By an argument similar to that used above to establish that DE
prices satisfy the first equality of equation (5)--an argument that uses the
analogues of (A2.1) and (A2.2) for persons 2, 3, and L——it follows that the DE
prices mist be such that the coefficient of each debt demand is zero; that is,
intertemporal arbitrage among the various debts mist not be possible for any-
one. These restrictions on coefficients of debt demands are the ones needed
in order to be able to choose sit's to satisfy equation (6). And such choices
for s;j¢'s imply equivalence between the debt constraints and (3).

To summarize, we have indicated how to manipulate the debt budget
constraints for the Table 1, T=4 economy so as to establish two results. The
first is that security prices in a DE for that econony are constrained so %hat
we can choose sit's to satisfy (5) and (6). Second, with that choice of
sit's, debt constraints are equivalent to (3) so that the e?t's that are
utility maximizing subject to the debt constraints are also utility maximizing

subject to (3). These results imply that any DE is a CME in the Table 1, T=4

econony .



Figure 1

Relevant Commodity Subspaces in the Table 1 Economy
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Figure 2

Relevant Commodity Subspaces in the Table 2 Economy

Person 1
loc. loc.
2 X X X 2
1 X X 1

1 2 3 4 5
date

Person 2

1 2 3 4 5
date

loc.

Person 3

1L 2 3 4 5
date



References

Bryant, John. 1981l. Bank collapse and depression. Journal of Money, Credit,

and Banking 13 (November): L45L-6lL.
Clower, Robert. 1967. A reconsideration of the microfoundations of monetary

theory. Western Economic Journal 6 (December): 1-8.

Debreu, Gerards 1959. The Theory of Value New York, Wiley.

Diamond, Douglas and Dybvig, Philip. 1982. Bank runs, deposit insurance, and
liguidity. Unpublished manuscript.
Feldman, Allan. 1973. Bilateral trading processes, pairwise optimality, and

Pareto optimality. Review of Economic Studies 40 (October): L463-T3.

Friedman, Milton. 1960. A Program for Monetary Stability New York: Fordham

University Presse.

Hahn, Frank. 1973. On the foundations of monetary theory. Essays in Modern

Economics ed. Michael Parkin and A. R. Nobay. New York: Harper and
Row. 230-42.
Harris, Milton. 1979. Expectations and money in a dynamic exchange econ-

omy. Econometrica 47 (November): 1403-20.

Ostroy, Joseph M. 1973.  The informational efficiency of monetary exchange.

American Economic Review 63 (September): 597-610.

Ostroy, Joseph M, and Starr, Ross M. 19T4. Money and the decentralization of

exchange. Econometrica 42 (November): 1093-113.

Shubik, Martin. 1973. Commodity money, oligopoly, credit and bankruptcy in a

general equilibrium model. Western Economic Journal 11 (March): 24-38.

Townsend, Robert. 1980. Models of Money With Spatially Separated Agents.

Models of Monetary Economies, ed. John Kareken and Neil Wallace. Federal

Reserve Bank of Minneapolis. 265-303.



